We review the prospects of probing R-parity violating Supersymmetry (RPV SUSY) at neutrino telescopes using some of the highest energy particles given to us by Nature. The presence of RPV interactions involving ultra-high energy neutrinos with Earth-matter can lead to resonant production of TeV-scale SUSY partners of the SM quarks and leptons (squarks and sleptons), thereby giving rise to potentially anomalous behavior in the event spectrum observed by largevolume neutrino detectors, such as IceCube, as well as balloon-borne cosmic ray experiments, such as ANITA. Using the ultra-high energy neutrino events observed recently at IceCube, with the fact that for a given power-law flux of astrophysical neutrinos, there is no statistically significant deviation in the current data from the Standard Model expectations, we derive robust upper limits on the RPV couplings as a function of the resonantly-produced squark mass, independent of the other unknown model parameters, as long as the squarks decay dominantly to two-body final states involving leptons and quarks through the RPV couplings. Also, we discuss RPV SUSY interpretations of the recent anomalous, upward-going EeV air showers observed at ANITA, in terms of long-lived charged or neutral next-to-lightest SUSY particles.
I. INTRODUCTION
The Standard Model (SM) of particle physics has worked beautifully to predict what experiments have shown so far about the basic building blocks of matter [1] . However, physicists have long recognized that it cannot be the ultimate theory of Nature. Experimental evidence in support of this include the observation of nonzero neutrino mass, dark matter (DM), dark energy, and matter-antimatter asymmetry, none of which the SM can explain.
Among the theoretical problems the SM fails to address are the quadratic divergence of the Higgs mass (the so-called hierarchy problem), the adhoc choice of the gauge groups and particle representations, unification of gauge couplings, inclusion of gravity, and the origin of electroweak symmetry breaking. While these arguments all point to some beyond the SM (BSM) physics, without further assumptions, they do not point decisively to the energy scale at which it should occur.
However, given the observed Higgs boson mass of 125 GeV, the quadratically divergent corrections in the SM imply that unless the new physics scale Λ is close to the TeV scale, we need unnatural fine-tuning of parameters to keep the Higgs mass at its observed value.
For instance, if Λ ∼ 10
16 GeV, i.e. at the Grand Unified Theory (GUT) scale, then the mass-squared parameter in the SM Lagrangian will have to be fine-tuned to 1 part in 10
26
to maintain a physical Higgs mass at 125 GeV. Although not logically impossible, such extreme fine-tuning is usually thought to be symptomatic of a deeper issue, often dubbed as the naturalness problem. If taken seriously, this leads to the inevitable conclusion that there must be new degrees of freedom around TeV scale.
Supersymmetry (SUSY), which predicts the existence of a partner differing in spin by 1 2 to every known particle is widely considered as the most attractive solution to the naturalness and hierarchy problems. Specifically, due to the new symmetry between bosons and fermions, the quadratically divergent loop contributions of the SM particles to the Higgs mass squared are exactly canceled by the corresponding loop contributions of their SUSY partners. There are numerous other theoretical and phenomenological motivations for SUSY, such as (i) the most general symmetries of the S-matrix in quantum field theory are a direct product of the super-Poincaré group, which includes SUSY, with the internal symmetry group; (ii) gravity is naturally incorporated if SUSY is made local, as in supergravity models; (iii)
SUSY is an essential ingredient of superstring theories, which are by far the best candidates 2 for a consistent quantum theory of gravity; (iv) the SUSY particle spectrum leads to the remarkable unification of the strong and electroweak gauge couplings at an energy scale of M GUT ∼ 2 × 10 16 GeV, which is consistent with proton decay constraints; (v) the lightest SUSY particle (LSP), if electrically and color neutral, makes an excellent candidate for DM;
and (vi) the observed Higgs boson mass is consistent with the upper limit of 135 GeV on the lightest Higgs boson in the minimal SUSY SM (MSSM). All these arguments in favor of SUSY make it arguably the strongest contender for BSM physics [2, 3] .
However, the lack of evidence for superpartners in the Large Hadron Collider (LHC) data so far [4, 5] has forced the simplest SUSY scenarios toward regions of parameter space unnatural for the Higgs sector [6] [7] [8] [9] [10] . A simple way to preserve the Higgs naturalness by evading the current experimental constraints is by allowing R-parity Violation (RPV) [11] in the production and decays of superpartners at the LHC. Apart from significantly lowering the collider bounds on the SUSY spectrum [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , RPV SUSY implies the violation of baryon and/or lepton numbers, which has important phenomenological consequences [11] .
For instance, one can automatically generate non-zero neutrino masses and mixing [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] at either tree or one-loop level without introducing any extra particles beyond the MSSM field content. Similarly, the presence of ∆L = 0 RPV vertices can lead to observable neutrinoless double beta decay (0νββ) [34] [35] [36] [37] [38] [39] [40] [41] , as well as successful baryogenesis [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] .
Moreover, RPV scenarios also provide a compelling solution to some recent anomalies, such as the muon anomalous magnetic moment [52] [53] [54] [55] , lepton flavor universality violation in semileptonic B-meson decays [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] and anomalous upgoing events at ANITA [67] . If any of these anomalies becomes statistically significant, one should consider RPV SUSY as a strong candidate for the underlying new physics. Hence, it is of paramount importance to find complementary ways at as many different energy scales as possible to test this scenario.
In this review, we discuss one such possibility, namely, testing the RPV SUSY scenario using ultra-high energy (UHE) neutrinos at neutrino telescopes, such as IceCube and KM3NeT.
The basic idea is that the presence of RPV SUSY interactions involving UHE neutrinos can lead to resonant production of TeV-scale sfermions inside the Earth [67] [68] [69] , thereby giving rise to distinct features in the detected neutrino spectrum at neutrino telescopes. In contrast, the squark/slepton resonance can occur at a different incoming neutrino energy, depending on the mass of the SUSY particles. Since no such resonance feature has been observed in the IceCube data so far [78] (except for a mild 2σ-level discrepancy around 100 TeV which could very well be an artifact of the fitting procedure or astrophysical flux uncertainty), one can derive robust upper limits on the RPV couplings as a function of the resonantly-produced sfermion mass, largely independent of the other unknown model parameters [69] . With more statistics, we expect these limits to be comparable/complementary to the existing limits from direct collider searches and other low-energy processes. More importantly, if IceCube does observe a statistically significant resonance-like excess feature in the future, it might point to a preferred range of the relevant RPV coupling and sfermion mass that could be looked for more vigorously in the LHC data.
The rest of this article is organized as follows: in Section II, we briefly discuss the RPV interactions in the MSSM. In Section III, we focus on the UHE neutrino interactions involving trilinear RPV. In Section IV, we calculate the event rate at IceCube and derive constraints on the λ -type RPV couplings as a function of the squark mass. In Sections V and VI, we consider the possibility of long-lived charged and neutral SUSY particles respectively, and implications for neutrino telescopes, as well as balloon experiments. We conclude in Section VII.
II. RPV INTERACTIONS
In the SUSY extension of the SM, all the fields, both fermionic and bosonic, get promoted to become chiral superfields which have both a bosonic and a fermionic part. The bosonic partners of known SM fermions are called sfermions (i.e. squarks and sleptons), whereas the fermionic partners of the Higgs fields are called Higgsinos, and those of the SM gauge fields are called gauginos (i.e., gluino, bino, wino, photino).
R-parity is associated with a Z 2 subgroup of the group of continuous U (1) R-symmetry transformations acting on the gauge superfields and the two chiral doublet Higgs superfields H u and H d responsible for electroweak symmetry breaking [79] . R-parity appears as the discrete remnant of this continuous U (1) R symmetry that must be broken to allow for 4 the gravitino (the superpartner of graviton in supergravity models) and gluinos to acquire masses. There is an intimate connection between R-parity and baryon (B) and lepton (L) number conservation laws [80] , which is made explicit by the following expression for the R-parity of a particle with spin S:
Under this symmetry, all the SM fields are even, while all the superpartner fields are odd.
Thus, the conservation of R-parity implies that all superpartner fields must be produced in pairs and must decay to states containing at least one superpartner field. This also implies that the LSP is absolutely stable, which has two cosmological implications: (i) it cannot be electrically charged, as it is cosmologically disfavored [81] [82] [83] , and (ii) if electrically and color neutral, it is a good candidate for DM [84] .
The MSSM superpotential invariant under the SM gauge group
that preserves R-parity is written as
where
singlet chiral superfields, respectively. Since SUSY is not an exact symmetry of nature, one must also add the SUSY breaking terms, which consist of soft mass terms for superpartners and trilinear A-terms of the type in Eq. (2) but with the scalar components of the superfields and mass terms for gauginos, all of which still respect the gauge symmetry.
As mentioned in Section I, in light of the current experimental results, the case for Rparity conservation (RPC) in effective low-energy SUSY is less compelling than RPV. We have a few additional points in favor of RPV:
• R-parity by itself is not enough to protect against dangerous proton decay operators [85] , as RPC but non-renormalizable superpotential interactions of the general form U c U c D c E c can give rise to proton decay. So the standard proton-stability motivation for R-parity is actually gone.
• Although RPV interactions spoil the stability of the DM, it is still possible to have the LSP long-lived enough to play the role of DM, e.g. gravitino because of its Plancksuppressed gravitational interactions [86] [87] [88] [89] . Another possibility is to have a different symmetry than the R-parity, under which the SM is inert.
• Introducing RPV at low scale still preserves the gauge coupling unification [61] a hallmark prediction of SUSY. In addition, RPV can be made compatible with the unification of quarks and leptons in GUT models [90, 91] . In fact, large RPV couplings are favorable to realize the b − τ Yukawa unification [66] .
• RPV is mandatory in minimal theories that extend MSSM to include local B − L symmetry [34, 92, 93] . Since the nonzero neutrino masses seem to suggest that the underlying BSM physics must include a broken local B − L symmetry, the fact that its supersymmetrization leads to RPV makes it even more compelling.
There are two classes of RPV models: (i) spontaneous breaking by giving vacuum expectation values to neutral superpartners, such as sneutrino [94] , or (ii) explicit breaking by adding RPV terms in the superpotential (2) [22] . In this review, we will focus on the latter case, where the explicit RPV terms in MSSM can be written as
where i, j, k = 1, 2, 3 are the family indices and we have suppressed all gauge indices for brevity. Note that SU (2) L and SU (3) c gauge invariance enforce antisymmetry of the λ ijkand λ ijk -couplings with respect to their first and last two indices, respectively.
Since we are mostly interested in the UHE neutrino interactions with nucleons, we will only focus on the λ ijk -couplings. Any of these 27 new dimensionless complex parameters can lead to resonant production of TeV-scale squarks at IceCube energies [68, 69] , thereby making a potentially significant contribution to the UHE neutrino events. 2 The λ-couplings in Eq. (3) can give rise to resonant production of selectrons from neutrino interactions with electrons, reminiscent of the Glashow resonance [77] in the SM; however, for TeV-scale selectrons, their contribution to the total number of IceCube events is negligible in the energy range considered here and we will comment on this possibility later in the context of ANITA events. Note that with non-zero λ -couplings, we need to explicitly forbid the λ -terms, e.g. by imposing baryon triality [104] , to avoid rapid proton decay, as the product λ λ is constrained to be 10 −24 from proton lifetime bounds [105] . We also ignore the (d) and (f) are much smaller, since they do not have a resonant enhancement, and in addition, for (b) and (d), due to the sea quark involvement. Moreover, the RPV contributions will be sizable only for the first generation quarks, which are the predominant constituents of the nucleon, and to some extent, for the second-generation quarks. Therefore, we will ignore the contributions from the third-generation quarks. For the SM CC and NC interactions [89, 90] , which must be included in the total neutrino-nucleon cross section giving rise to the IceCube events, we take into account all valence and sea quark contributions.
The total di↵erential cross section for the neutrino-nucleon interactions, written in terms of the Bjorken scaling variables
where m N = (m p + m n )/2 is the average mass of the proton and neutron for an isoscalar nucleon, Q bilinear terms in Eq. (3), since they do not give rise to the resonance feature exploited here, although they could lead to other distinct signatures (e.g. triple bang) relevant for future multi-km 3 neutrino telescopes [106] .
III. NEUTRINO INTERACTIONS INVOLVING TRILINEAR RPV
We start with the λ -part of the RPV Lagrangian, after expanding the superpotential (3) in terms of the superfield components:
At the IceCube, these interactions will contribute to both charged-current (CC) and neutral- and to some extent, for the second and third generation quarks, which become increasingly important at higher energies. At the same time, the existing indirect constraints from precision measurements in various low-energy processes are the strongest for the couplings involving the first generation and weaker for the second and third generations [11, [108] [109] [110] [111] .
For the SM CC and NC interactions [112, 113] , which must be included in the total neutrinonucleon cross section giving rise to the IceCube events, we take into account all valence and sea quark contributions.
The total differential cross section for the neutrino-nucleon interactions, written in terms of the Bjorken scaling variables x = Q 2 /2m N E ν and y = E ν /E ν , is given by
where m N = (m p + m n )/2 is the average mass of the proton and neutron for an isoscalar nucleon, −Q 2 is the invariant momentum transfer between the incident neutrino and outgoing lepton, E ν is the incoming neutrino energy, E ν = E ν − E is the energy loss in the laboratory frame, E is the energy of the outgoing lepton, and f (x, Q 2 ),f (x, Q 2 ) are the parton distribution functions (PDFs) within the proton for f -quark and anti f -quark, respectively.
For the CC processes shown in Figs 
where s = 2m N E ν is the square of the center-of-mass energy and g is the SU (2) L gauge coupling, and m W is the W -boson mass. It is obvious to see that in Eqs. (6) and (7), the first term on the right-hand side is the SM CC contribution, whereas the second term is the RPV contribution. So for all SM CC processes involvingd and u-type quarks, which do not have interference with the RPV processes, the coefficients in Eq. (5) are simply obtained by putting λ ijk = 0 in Eqs. (6) and (7).
Similarly, for the NC processes shown in Figs. 1(c)-(f), the only non-trivial coefficients
is the weak mixing angle parameter and m Z is the Z-boson mass. For all SM NC processes involving u-type quarks, which do not have interference with the RPV processes, the coefficients in Eq. (5) are simply obtained by putting λ ijk = 0 in Eqs. (8) and (9) and ν is in the multi TeV-PeV range, and hence, can be probed by the available IceCube data. Interestingly, this is exactly the mass range currently being probed at the LHC, and therefore, the neutrino telescope probes allow for an independent, complementary test of the SUSY parameter space. Now let us consider the λ-couplings in Eq. (3), which lead to the LLE-type RPV La-
With these interactions, we can have new contributions to the (anti)neutrino-electron scattering inside Earth. In particular, given enough energy of the incoming (anti)neutrino, this will lead to the resonant production of an LH slepton through the second term in Eq. (11), and similarly an RH slepton through the third term in Eq. (11) . For an incoming neutrino energy E ν , the slepton mass at which the resonance occurs is simply
where s is the center-of-mass energy [68, 69] . This is reminiscent of the Glashow resonance in the SM, where an on-shell W boson is produced from theν e − e scattering with an initial neutrino energy of E ν = m 2 W /2m e = 6.3 PeV [77] . However, the corresponding threshold energy E th ν = m 2ẽ k /2m e is beyond 10 PeV for selectron masses above 100 GeV or so. Since smaller selectron masses are excluded from the LEP data [114, 115] , we cannot probe the λ ijk -couplings with the current IceCube data. Nevertheless, if future data reports any events beyond 10 PeV, the LLE-type RPV scenario could in principle provide a viable explanation, given the fact that it would be difficult to explain those events within the SM and with an unbroken power-law flux, without having a significantly larger number of events in all the preceding lower-energy bins. We will come back to Eq. (11) in Section VI in a different context.
IV. EVENT RATE
To give an illustration of the power of neutrino telescope in testing the RPV SUSY parameter space, let us calculate the event rate for IceCube including the RPV effect. In general, the expected number of high-energy starting events (HESE) in a given deposited energy bin at IceCube due to the modified cross section (5) can be estimated as
where T is the exposure time, N A is the Avogadro number, E dep (E ν ) is the electromagneticequivalent deposited energy which is always smaller than the incoming neutrino energy E ν in the laboratory frame by a factor depending on E ν and the type of interaction (CC or NC) and lepton flavor, V eff (E ν ) is the effective target volume of the detector, Φ(E ν )
is the incident neutrino flux, Ω(E ν ) is the effective solid angle of coverage, and we have integrated the differential cross section in Eq. (5) [123] for the cross section calculations. 3 The expected background due to atmospheric neutrinos and muons are also taken from the IceCube analysis [78] . Note that atmospheric ν e events will also get modified due to nonzero RPV couplings |λ 11k |. However, since the atmospheric background is dominated by the ν µ -induced events and the event rate for atmospheric ν e is much smaller, we can safely ignore the |λ 11k | effects on the background and just assume it to be basically the same as in the SM case. Also one might wonder whether the source flavor composition and flux of the neutrinos could be modified due to the new RPV interactions. However, this effect is expected to be small for the values of squark masses and RPV couplings considered here, since the SM weak interactions with strength G F (the Fermi coupling constant) will be dominant over the RPV interactions with relative strength
The RPV effect at the IceCube detector could get enhanced only due to the resonant production of squarks in a conducive range of the incoming neutrino energy. Thus, adding the flux uncertainty in our analysis will equally affect the events due to both SM and RPV interactions, without changing the relative enhancement of the events in presence of the RPV interactions with respect to the SM prediction. This justifies our use of the IceCube best-fit value for the flux.
Since no statistically significant excess over the SM prediction is seen in the current
IceCube data, we use this information to put an upper bound on the |λ ijk | couplings. To this effect, we perform a binned likelihood analysis with the Poisson likelihood function
where the observed count n i in each bin i is compared to the theory prediction λ i , including the RPV contribution induced by λ ijk . We then construct a test statistic
from which a 1σ upper limit on |λ ijk | corresponding to the value of −2∆ ln L = 1 can be derived. Here L max represents the likelihood value for λ ijk = 0, i.e. with only the SM contribution to the interaction. Our results are shown in Fig. 2 (blue solid curves) for |λ 11k | and |λ 12k |, i.e. for electron-type neutrinos interacting with the 1st and 2nd generation quarks, respectively.
For comparison, we also show the direct limits on |λ 11k | from direct searches in e ± p collisions at HERA with √ s = 319 GeV [124, 125] , as shown by the magenta-shaded region in Fig. 2 (left) . Squark masses below 100 GeV or so are disfavored from direct searches for RPV SUSY at LEP [114, 126, 127] , Tevatron [128, 129] and LHC [4, 5] , and therefore, are not considered here. 4 In addition, the recent search for scalar leptoquarks at the 13 TeV LHC [130] is relevant for our RPV scenario, since λ ijk -couplings also give rise to the same e i e i jj final states via pair-production of down-type squarks (from gluon fusion), followed 4 In the absence of the possibility of a resonant production (as e.g. in the sneutrino case) in e + e − and hadron-hadron collisions, it is difficult to cast most of the collider limits onto the md − |λ ijk | plane in a model-independent manner, and therefore, we do not attempt to show them in Fig. 2 . byd kR → e iL u jL which has a branching ratio of 0.5. The corresponding 95% confidence level (CL) ATLAS limit of ∼ 1.2 TeV on the first-generation scalar leptoquark mass can be directly translated into a lower bound on the down-type squark mass, as shown by the vertical dot-dashed line in Fig. 2 . There also exist indirect constraints on |λ 11k | from lepton universality in pion decay, measured by the ratio R π =
, unitarity of the CKM element V ud and atomic parity violation [109] , the most stringent of which is shown in Fig. 2 (left) by the red dotted curve. Other low-energy constraints, such as neutrino mass [29] , electric dipole moment [131] and flavor-changing B-decays [132, 133] , always involve the product of two independent RPV couplings, and hence, are not applicable in our case. For k = 1, we have an additional constraint from 0νββ, which however depends on the masses of other SUSY particles [41] , unlike the other limits discussed above, which are independent of the rest of the SUSY spectrum, as long as the 2-body RPV decay modes of the squark are dominant. Just for the sake of comparison, we translate the 0νββ half-life limit on 76 Ge from GERDA phase-II [134] onto our RPV parameter space in Fig. 2 (left) for two benchmark points with gluino and neutralino masses of 10 TeV (gray, dashed) and 10 PeV (gray, dotted), while keeping all sfermion masses equal to md. In the former case, the 0νββ limit is the most stringent one, whereas for either heavier gaugino masses or k = 1, the pion decay constraint is stronger than the limit obtained from IceCube in the entire mass range considered. Similarly, as shown in Fig. 2 (right) , for |λ 12k |, the indirect constraints from lepton universality in neutral and charged D-meson decays, measured by the ratio
, are stronger than the IceCube limit derived here. This rules out the possibility of any |λ 1jk |-induced observable excess in the 8-year IceCube data.
We note that the IceCube constraints are mostly limited by statistics, which is expected to improve significantly with more exposure time. To illustrate this point, we just scale the current 8-year dataset by a factor of 4 (roughly corresponding to 30 years of actual data taking) in all the bins analyzed here and derive projected limits on |λ 1jk | (with j = 1, 2), following the same likelihood procedure described above. This conservative estimate of the future limits is shown in Fig. 2 by the blue dashed curves. We find that the limit on |λ 1jk | can be improved roughly by up to a factor of 3, and it might even surpass the current best limit in the sub-TeV squark mass range for j = 2, although the indirect limit from lepton universality could improve by an order of magnitude at Belle II [135] . In practice, however, we may not have to wait for 30 years, since a number of unforeseen factors could improve the conservative projected IceCube limits shown here, e.g. the future data in all the bins may not scale proportionately to the current data and may turn out to be in better agreement with the SM prediction. Similarly, other large-volume detectors like KM3NeT [136] and IceCube-Gen2 [137] might go online soon, thus significantly increasing the total statistics.
We also note that a similar analysis could be performed for incident neutrinos of muon and tau flavors at IceCube, though for muon neutrinos, one has to carefully reassess the atmospheric background including the RPV effects and also take into account the large uncertainty in converting the deposited muon energy to actual incoming ν µ energy. In any case, we expect the corresponding limits on |λ ijk | (with i = 2, 3 and j = 1, 2) to be weaker than the limits on |λ 1jk | shown in Fig. 2 simply due to the fact that the effective fiducial 14 volume at the IceCube is the largest for ν e [78] . Nevertheless, with more statistics, one could in principle consider the |λ ijk | couplings for all neutrino flavors. Also, one could improve the analysis presented here by taking into account the showers and tracks individually. Since the |λ 1jk | couplings preferentially enhance only one type of events, viz. showers for i = 1, 3 and tracks for i = 2, a binned track-to-shower ratio analysis is expected to improve the limits on the corresponding |λ ijk |. In fact, by examining the track-to-shower ratio in future data, one might be able to distinguish between different new physics contributions to the IceCube events, provided the source flavor composition of the neutrinos is known more accurately.
V. LONG-LIVED CHARGED SPARTICLES
In SUSY theories where the LSP is the gravitino and the next-to-LSP (NLSP) is a longlived charged particle (typically a slepton), e.g. in gauge mediation models [138] , the diffuse flux of UHE neutrinos interacting with the Earth could produce pairs of slepton NLSPs which could be detected in neutrino telescopes [70] [71] [72] [73] [74] [75] . The basic process involves the tchannel production of a slepton and a squark via gaugino exchange, see Fig. 3 . Note that this does not require any RPV interactions. The neutrino can interact either with an LH downtype quark, or with an RH up-type anti-quark, with the resulting partonic cross sections respectively given by , where m SUSY is the typical mass of the SUSY particle being produced. However, if the NLSP slepton happens to be long-lived, as is the case in gauge-mediated SUSY breaking with stau NLSP, for instance, where the where n is the number of intermediate states, i = 0 corresponds to the parent squark or slepton, and i = n corresponds to the stau. 
with √ F being the SUSY breaking scale, the long range of slepton compared to the background muon range of a few km compensates for the small SUSY production cross section.
The high boost and large range of the NLSPs implies that its upward going tracks could in principle be detected in large ice or water Cherenkov detectors like IceCube or KM3NeT, provided one applies specialized cuts in the track separation to distinguish the signal events from the di-muon background.
In analyzing this type of signal, it is very important to include the energy loss during the propagation of sleptons through the Earth. It turns out that for heavy charged particles, the bremsstrahlung and pair-production energy losses become less important, and the photo-nuclear energy loss is mass-suppressed for slepton masses much larger than the tau mass [139] . Thus, neutrino telescopes provide a complementary probe of long-lived charged slepton NLSP and intermediate-scale SUSY breaking, beyond the current collider limits of about 450 GeV [140] .
The long-lived stau hypothesis has gained some recent interest in view of two, anomalous upward-going ultra-high energy cosmic ray (UHECR) air shower events, with deposited shower energies of 0.6 ± 0.4 EeV and 0.56
−0.2 EeV, observed by the Antarctic Impulsive Transient Antenna (ANITA) balloon experiment [141, 142] . This is puzzling, because no SM particle is expected to survive passage through Earth a chord distance of ∼ 7000 km (corresponding to the observed zenith angles of the two events) at EeV energies. In particular, the interpretation of these events as τ -lepton decay-induced air showers at or near the ice surface arising from a diffuse UHE flux of cosmic ν τ is strongly disfavored due to their mean interaction length of only ∼ 300 km. Including the effect of ν τ regeneration, the resulting survival probability over the chord length of the ANITA events with energy greater than 0.1 EeV is < 10 −6 , thus excluding the SM interpretation at 5.8σ CL [143, 144] .
In the gauge-mediated SUSY breaking models, the long-lived NLSP stau seems like an ideal candidate to explain the ANITA anomalous events [76, 143] . Its cross section for nuclear interactions at ∼EeV energies is roughly 10 pb, three orders of magnitude less than the total neutrino cross section of 15 nb at 1 EeV, so that its mean free path through the Earth is several thousand km, while allowing for a reasonable branching ratios (BR 10 −4 ) via UHECR neutrino-nucleon interactions [70, 72] . The stau NLSP then propagates across the required chord length of ∼ 7000 km and, for appropriate mass and lifetime, decays to a tau lepton plus LSP prior to Earth emergence and subsequent extensive air shower.
The main problem however is the energy loss of a heavy, charged particle like stau along its journey through the Earth due to ionization and radiative losses. At production, due to its high boost factor of O(10 7 ), the stau will have a lifetime that is heavily dilated in the lab frame, which however gradually decreases as it loses energy along its path. This was used as an advantage in [76] to effectively reduce the boost factor, thus lowering the lab-frame decay time, causing the particle more likely to decay at the end of the chord length close to the surface of the Earth. At about 7000 km chord length (corresponding to the incident angle of the ANITA events), the rate of decay probability per distance
TeV-scale stau [76] . This could be translated into a decay probability around 0.01% assuming that the decay happens within 40 km above the surface (corresponding to the flight height of ANITA) after exiting the Earth. However, this probability rate was calculated under the assumption that the incoming stau has an initial energy of 10 22 eV, which is roughly two orders of magnitude above the Greisen-Zatsepin-Kuzmin (GZK) cut-off [145, 146] . Lowering the initial energy of stau would bring down the decay probability even more. Thus, there is a competing effect between the decay probability rate and the energy loss rate, which makes it difficult, if not impossible, for the long-lived stau scenario to explain the anomalous ANITA events. In any case, this is yet another interesting possibility for probing SUSY at neutrino telescopes that should be further looked into.
VI. LONG-LIVED NEUTRAL SPARTICLES
If the NLSP is electrically neutral (e.g. neutralino or sneutrino) and long-lived, then it has some advantages over the charged NLSP, as far as its detection at neutrino telescopes goes. In particular, a light bino in RPV SUSY turns out to be a natural candidate for explaining the anomalous ANITA events [67] . The LQD (LLE)-type RPV couplings allow the on-shell, resonant production of a TeV-scale squark (slepton) from neutrino-nucleon (electron) scattering inside Earth, see Fig. 4 , thereby naturally enhancing the signal cross section. The squark/slepton decay inside the Earth can produce a pure bino which interacts with the SM fermions only via the U (1) Y gauge interactions and heavier SUSY particles, and therefore, can easily travel through thousands of km inside the Earth without significant energy loss, unlike tau, stau or any other electrically-charged particle. For a suitable, yet realistic sparticle mass spectrum and couplings consistent with all existing low and highenergy constraints, we find some parameter space where the bino is sufficiently long-lived (with proper lifetime of order of ns) and decays to SM fermions at or near the exit-surface of Earth to induce the air shower observed by ANITA [67] . For LLE-type RPV couplings [cf. Eq. (11)], the bino decays to a τ -lepton (if kinematically allowed) and electron, either of which could induce the air shower seen by ANITA, whereas for LQD-type couplings [cf.
Eq. (4)], the bino directly decays to quarks and neutrino, which mimic the SM τ -decay. In the latter case, there exist some parameter space for which no throughgoing track events are predicted at IceCube. This might explain why IceCube has not seen either of the EeV events seen by ANITA, despite of its higher exposure time.
Considering the LLE-type interactions first [cf. Eq. (11)], the resonantly-produced slepton can decay back to an electron and neutrino through the same RPV interaction in Eq. (11) or to the corresponding lepton and neutralino through gauge interactions. The slepton might as shown in Fig. 1 (top panel) . In particular, given enough energy of the incoming (anti)neutrino, this will lead to the resonant production of a left-handed (LH) slepton through the second term in Eq. (2), and similarly a right-handed (RH) slepton through the third term in Eq. (2) . For an incoming neutrino energy E ⌫ , the slepton mass at which the resonance occurs is simply m e e i = p s = p 2E ⌫ m e [33, 34] , where s is the centerof-mass energy. This is reminiscent of the Glashow resonance in the SM, where an on-shell W boson is produced from the⌫ e e scattering with an initial neutrino energy of E ⌫ = m 2 W /2m e = 6.3 PeV [35] . Once produced, the slepton can decay back to an electron and neutrino through the same RPV interaction in Eq. (2) or to the corresponding lepton and neutralino through gauge interactions. The slepton might in principle be from any generation, though here we will make the assumption that the slepton is a stau (e ⌧ ), and also assume the lightest neutralino ( 0 1 ) to be much lighter than the stau, so that the decay e ⌧ ! ⌧ e 0 1 is kinematically allowed. All other sparticles are assumed to be heavier than the stau and do not play any role in our analysis, except for the gravitino ( e G), which could be the lightest supersymmetric particle (LSP) and plays the role of dark matter in this scenario.
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We assume the bin its passage through E the surface of exit. and an o↵-shell stau e in principle be from any generation, though here we will make the assumption that the slepton is a stau, and also assume the lightest neutralino (χ 0 1 ) to be much lighter than the stau, so that the decay τ → τ χ 0 1 is kinematically allowed. All other sparticles are assumed to be heavier than the stau and do not play any role, except for the gravitino ( G), which could be the LSP and plays the role of DM in this scenario. Gravitino LSP and bino NLSP can be realized, e.g. in natural gauge mediation without gaugino unification [147] .
The cross-section for νe → τ → τ χ 0 1 is given by [68] 
which can be approximated by a Breit-Wigner formula close to the s-pole with s → m 2 τ :
where g ≡ e/ cos θ w is the U (1) Y gauge coupling, and j = 1, k = 3 or vice versa, depending on whether it is the RH or LH-slepton resonance, respectively. The index i for the incoming neutrino is free and we will assume a democratic flux ratio 1 : 1 : 1 for ν e : ν µ : ν τ and similarly for antineutrinos, as expected for a typical astrophysical neutrino flux with 1 : 2 : 0 flavor composition at the source [148] .
We assume the bino is long-lived enough to survive its passage through Earth, before decaying close to or at the surface of exit. It can decay back to the τ -lepton and an off-shell stau, leading to a 3-body final state:
In principle, the upgoing shower may be initiated either directly by the electron, or by the subsequent decay of the τ . In the limit m χ 0 1 m τ , the 3-body decay rate can be estimated as
The chord length of ∼ 7000 km required for the two ANITA events translates into the mean lifetime of bino in the lab frame as τ region by the requirement that mτ = √ s = √ 2m e E ν , and that E ν should be a few times larger than the observed cosmic ray energy of 0.2-1 EeV. Such a particle may be observed in current or future collider experiments. The current LHC lower limits on the stau mass in the RPV-SUSY scenario is about 500 GeV, derived from multilepton searches [149] . The vertical shaded regions are the kinematically forbidden regions for the bino decay considered here. Taken from [67] .
on the product λ i1k λ j2k 5 × 10 −5 from K-meson decays [11] , we will consider either the down-quark or the strange-quark in the initial state separately, but not both simultaneously.
In particular, we will only consider the λ ijk couplings with j = 1, 2 and k = 1 for RH downsquark. After being resonantly produced, the bino will have a 3-body decay via off-shell down-type squark: χ 
The Breit-Wigner resonance is regulated by the squark widths
Note that the resonance condition is satisfied for the incoming neutrino energy E ν = excluded from the V ud and R τ π measurements, respectively [109] , which constrain the ν − d scenario. Similarly, the shaded regions bounded by the red and yellow dashed lines are excluded from the Q w and R Ds measurements, respectively [109] , which constrain the ν − s scenario. Here we have chosen the RH down-squark mediator mass as m d = 1 TeV. We do not include the LH squark contribution, because according to our estimates, the production cross section for a 1-TeV RH down-squark at the √ s = 13 TeV LHC is 6.2 fb, which is safely below the current upper limit of 13.5 fb [150] , whereas including the LH squark contribution increases the cross section to 15.5 fb. The black and green shaded regions in Fig. 5 are the exclusion regions based on a recent update of the LHC constraints on the LQD couplings λ 211 and on λ 221 , respectively [21] .
Based on these bounds, we find that there is allowed parameter space at both 2σ and 3σ for the λ i21 scenario (ν − s initial state), whereas for the λ i11 scenario (ν − d initial state), there is only a small 3σ range with λ i11 ∼ 0.07 − 0.1 and m χ 0 1 ∼ 7 − 10 GeV allowed. 5 The RH down-squark has two RPV decay modes: d kR → ν iL d jL , e iL u jL , whereas the LH down-squark has only one: d kL → ν iL d jR . Similarly, for the R-parity conserving decays d → d χ 0 1 , the RH squark coupling is twice that of the LH squark (due to different hypercharges).
Increasing the squark mass moves the 2σ and 3σ contours to larger λ values, which are excluded by the V ud and Q w measurements [109] . Thus, we predict that if our LQD-type RPV-SUSY interpretation of the ANITA events is correct, then a TeV-scale squark should be soon found at the LHC. Another independent test of the allowed parameter space shown in Fig. 5 might come soon from the Belle II upgrade [135] , which could significantly improve the R τ measurements.
VII. CONCLUSION
RPV SUSY is a well-motivated candidate for TeV-scale new physics beyond the SM, while being consistent with the null results at the LHC so far. Therefore, it is important to test this hypothesis at different energy scales available to us. We have reviewed the prospects of probing RPV SUSY at neutrino telescopes using the highest-energy neutrinos given to us by Nature. We discussed three different aspects of the SUSY models that can be tested 
